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We introduce the notion of a set of independent permutations on the domain
{O, l,... n - l}, and obtain bounds on the size of the largest such set. The results
are applied to a problem proposed by Moser in which he asked for the largest
number of nodes in a d-cube of side n such that no n of these nodes are collinear.
Independent permutations are also related to the problem of placing n non-
capturing superqueens (chess queens with wrap-around capability) on an n x n
board. As a special case of this treatment we obtain Pblya’s  theorem that this
problem can be solved if and only if n is not a multiple of 2 or 3.
1. INTR~DUOTI~N
A chess queen is a piece that can move horizontally, vertically, or
diagonally, any number of squares. We define a more powerful piece
which we call a superqueen. A superqueen moves like a queen, but when it
reaches an edge of the board it can wrap around to the opposite edge.
Effectively it treats the board as if it were a torus. We ask: for what values
of n (n > 1) can n superqueens be placed on an II  x n board such that no
superqueen can capture another ? Polya [6]  proved that this can be done if
and only if the smallest prime factor of II  is at least five. We relate Polya’s
theorem to a concept of independent permutations on the set
D, = (0, l,..., iz - l}. Indeed, we obtain bounds on the largest number
S(n) of independent permutations on D,  and show that Polya’s  theorem
follows from these bounds. We also introduce two other pieces even more
powerful than the superqueen and mention the conditions under which n
of these pieces can be placed on an n x n board such that no piece can
capture another.
We also relate independent permutations to a problem posed by
Moser [4,  51. Moser asked for the maximum numberf(n,  d) of nodes of a
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d-dimension hypercube of side n such that no n of these nodes are collinear.
We find that if d < S(n) then f (n,  d) = nd - w--l.
2.  INDEPENDENT PERMUTATIONS
Given a set D,  = (0, l,..., n - 11, a permutation P on D,  is a l-l
function from D,  onto itself, which we will write as a sequence
(P(O), P(l),..., P(n - 1)). For any permutation P on D,  and integers a, b
where b is 0, 1 or - 1, the function P’: D,  + D,  given by P’(x) =
P((a + bx) mod n) is said to be a modzjication of P. Thus, P’ either is
a constant function, or is a permutation obtained by rotating and/or
reflecting the sequence (P(O),..., P(n  - 1)). For example, if P is (0,4,  3, 1,2)
then (1, 1, 1, 1, I), (4, 3, 1, 2,0),  and (2,1,3,4,0)  are all modifications of P.
A set of permutations {PI , Pz  ,..., Pd} is said to be independent if, for
every PI’,  PSI,..., Pd’  where PI’  is a modification of PI , Pz’  is a
modification of P, , etc., not all modifications constant, the function
P,’  + P,’  + .** + Pi (defined in the obvious way, having the value
(PI’(x)  + .*. + Pd’(x)  mod n) for argument X) is also a permutation. For
example, ((0,  4, 3, 2, l), (0, 2,4, 1,  3)) is independent.
If P is any function on D,  , and k is any integer, then we let P + k denote
the function (P(x) + k mod n), and similarly for k . P and -P. Some of
the interesting properties of independent permutations are the following:
if {PI , P, ,..., Pd} is independent, then
(1) any subset of (PI  , P, ,...,  Pd} is independent,
(2) {PI’,  p2 T.--Y Pd} is independent, where PI’  is any non-constant
modification of PI ,
(3) V-‘l  + k Pz  ,..., P,} is independent for any integer k,
( 4 )  {k*P,,k.P,,..., k . Pd} is independent if k is prime with respect
to n, and
(5)  t-p1 , pz ,***, Pd} is independent.
Of these, (l)-(4) are immediate, and (5) can be proved as follows. Note: all
arithmetic below is modulo n.
Suppose (-PI, P, ,..., Pa} is not independent. Then for some a,,
a2 ,...,  ad and bl  , b, ,..., b, where ai’s are integers and each bi  is 0, 1, or --I
(not all hi’s zero), there exist distinct integers x and y in D,  such that
-P,(a, + b,x)  + c PiCai + bix)
2<dQl
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From this we will obtain the contradiction that (P1  , Pz ,..., Pd} is not
independent by finding appropriate integers a,’ and b,’  such that
=  P&l’  +  bl’Y)  +  c  P&i  +  biY).
2<i<d
For the three cases b, = 0, 1, and - 1 we get this by letting a,’ = a, ,
a, + x + y,  and al - x - y,  respectively, and bl’ = 0, - 1, and 1:
3. BOUNDS ON S(n)
We are interested in the largest set of independent permutations for any
domain D,-let its size be S(n). It follows from property (3) above that for
the evaluation of S(n) we need only consider permutations P for which
P(0) = 0.
3.1. Lower Bound
If n is a prime then the set of permutations {Z, 2 . Z, 4 . I,...,  2” . Z} where
k = llog,(n)j - 1 and Z is the identity permutation over D, , is obviously
independent. This construction also produces an independent set of
permutations for any n by taking k = [log,(m)J  - 1 where m is the
smallest prime factor of n. Thus we obtain the following result:
THEOREM 1. For n > 1, S(n) > llog,(m)j,  where m is the smallest prime
factor of n.
The construction above uses permutations of a very special kind, namely,
a . Z where a is some integer, and the set of permutations includes the
identity permutation itself. The smallest example of an independent pair
{Z, P} where P # a * Z + b for any a, b is over the domain D,, (note: for
any n, if (PI, Pz} is independent, then so is (I, P> for some P,
for instance, P(x) = P;‘(P&))).  Several examples exist for D1, ; one is
P = (0, 3, 8, 11, 5, 1, 10,4,  7, 12,2,  9, 6).
3.2. Upper Bounds
LEMMA. Zf {PI  ,..., Pd} is an independent set over D,  , n > 1, such that,
for all i < d, Pi(O) = 0, then for every pair of sequences a, , a, ,..., ad and
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bl , b, ,..., bd where each ai and each bi  is 0 or 1,
a, . P,(l)  + ...  + ad . P,(l) = b, . P,(l)  + ..+  + bd * P,(l)  mod IZ
if and only if al = b, , a, = b, ,..., ad = bd .
The if part is trivial. The only-if part can be proved using the property (5)
of independent permutations.
It follows from this lemma that 2d < II,  and hence:
THEOREM 2. For n > 1, S(n) < llog,(n)l.
This upper bound is about the best non-decreasing bound one can hope
for, since by the lower bound theorem it is tight when n is a prime.
THEOREM 3. For n > I, let m denote the smallest prime factor of n; then
S(n) < m/2.
Proof. If n is even, m = 2. Suppose there exists an independent set
{Pl , PA; then
P,(O)  + ... + P,(n - 1) = P,(O) + ... + P,(n - 1)
= +z(n - 1) = &n  mod n.
But, as PI + Pz  is also a permutation,
(P,(O) + P,(O)) + ... + (PI@  - 1) + Pz(n - 1)) = &z mod n,
from which a contradiction is immediate.
If n is odd, m is odd. Suppose there exists a set of d = (m + 1)/2
independent permutations {P, ,...,  Pd} over D,  . We wish to obtain a
contradiction from this.
First, let S, denote the set of all vectors (sl ,...,  s,) where each si is 1
or -1 (s stands for “sign”). Consider the sum
Ad= c c WlW  + -**  + sdPd(X))m-l.
<Sp...,S,j>ES,+  o<a<n-1
On interchanging the order of summation and expanding we find that any
term in which any Pi  appears with an odd power gets canceled out, and
the coefficients of terms in which all Pi’s appear with even powers add up,
to give
Ad = zd c T,(X)  + *-- + Td-l(x),
0<Cl&n-1
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where
T,(x) = c .
lgi,<i,...<ix@ (J1 y. f, jh)  (&,W *** (~&P
O<i,,i,,...,ik
i,fj,t...ti~=m-l
j,,j,,...,ik  even
and
m - l
.A ,A .>...,Jk
represents the multinomial coefficient.
In general, for 1 < p < d,  consider the sum
A ,  = c c 1
l&<Z~<...<Z,<d  <S1....,Sp)ESg  O(Z<va-1
(~1~&)  + **. + bPz,(xP-l
When we expand the summations shown in brackets above, all terms in
which any Pi appears with an odd power are canceled out, and terms like
(Pi,(X))m-l  appear
times, terms like
d - l
2p(  1P--l
appear
times, and so on, to yield
4=2” 1 (,“I;)
O<x<n-1
Tl(X) + (;I;) T,(x) +  ***  +  (“,“)  T,(x).
d - 22p(  )P - 2
Finally, we form the sum
A  =  c (-l)p 2d-pA,
l<p@
= 2d  o<;n-l  l,;ti-l  Tk(x)  k;<d  (--Op (,”  1 E)
= 0 .
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We can form the same sum in another way. From property (5) of inde-
pendent permutations, the function slPll + ...  + sPP1)  (in the definition
of A, above) is a permutation, and hence, if we let u denote &szs.n-l x”-l,
then
A ,  =
d
( 1
2Pa  mod n
P
i.e.,
A = c (-  1)” 2d-pA,  = 2%
lSP,<d
1 (-1)p  (,“)  mod n
lC=gP<d
= -2% mod n.
But it can be shown that u # 0 mod n, and as n is odd we see that
A # 0 mod n, which is the desired contradiction. To see that o # 0 mod n,
observe that
u . (m - l)! = (m  - l)!
o(~~los~n-l i” T ‘I i! (4).
= (m  - l)! k E I;;,
+ c
O&3?-2
1
m - l  ( m - l ) !
i 1 i + 1 n(n!TTl)i)!
where {i} represents Stirling numbers of the second kind. On the right-hand
side of the equation above, the second term is zero mod n, whereas the
first term is not. This completes the proof.
COROLLARY. Let m be the smallest  prime factor of n (n > 1); if  n is
prime or m < 5, then S(n) = [log,(m)].
The smallest values of n for which S(n) is not given by this corollary are
49, 77, and 91.
CONJECTURE. If m is the smallest prime factor of n (n > I), then
Wd = llw2(m)l.
4. RELATION TO MOSER'S PROBLEM
Let M(n,  d) denote the set of all vectors (x1 ,...,  xd) where each xi is an
element of D, ; and let f(n,  d> denote the size of the largest subset of
M(n,  d) containing no n collinear points. Obviously f(n,  1) = n - 1, and
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I%, d + 1) < n .f(n, 4, so thatf(n,  d) < nd - rid-l. Moser conjectured
that f(n,  d) = o(nd) for each fixed n;  this conjecture has not been proved
or disproved yet, though, of course, f(2, d) = 1 for all d. It has been
shown, however, that f(3,  d) > c . 3d/~J  (see [2]),  and f(3,  3) = 16,
f(3,  4) = 43 (see [I]). Also,f(n,  2) = n2 - IZ  for n > 3.
THEOREM 4. Given any  n and d such that 1 < d < S(n), f(n, d) =
,,d  - &l
Proof . As d < S(n), there is a set {P1 ,...,  Pd} of independent permu-
tations on D, . Let X be the set of all (x1 ,...,  xd) E M(n,  d) such that
Pdx,) + .+. + Pd(xd)  # 0 mod n. Clearly X contains nd - nd--l  nodes
because for every x1 ,..., xdel in D, there is exactly one xd for which
<Xl ,*-*, xd)  is not in X.  To see that X contains no n collinear points,
observe that any line passing through IZ  points may be represented as:
x1  = a, + b, .  z,...,  xd  =  a d  +  bd  -Z,
where z is a parameter that takes on values 0, l,..., n - 1, and for each i
(i) bj  = 0 and ai  E D, , (ii) bi  = 1 and aa = 0, or (iii) bi  = -1 and
ai = n - 1, and not all his  are zero. Then by the definition of independent
permutations, the function of z defined by (P&z1  + b, * z) + ..*  +
P&d  + b, ..z) mod n) iS a permutation, and hence for some value of z it
equals 0, and by the definition of X the corresponding node is not in X.
This completes the proof.
COROLLARY. Given any d there is an n > 1 for which f (n, d) = nd  - nd-l.
This follows directly from the above theorem and the fact that S(n) can
be made arbitrarily large by a suitable choice of n.
5. RELATION TO P~LYA'S THEOREM
THEOREM 5. For any n,  n > 1, the number of ways in which n non-
capturing superqueens can be placed on an n x n board (count ing rotat ions
and ref lec t ions  as  dj”erent)  equaIs  the  number of  permutat ions  P on D, such
that  {I ,  P}  is  independent .
Proof . All arithmetic below is modulo n:
(a) If (I, P} is independent, then consider superqueens placed on exactly
those nodes (x, y) for which y = P(x). Clearly there is one superqueen in
each row and column, hence if in the resulting board one super-
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queen, say at (x1, yl>, can capture another, say at (x, , yZ), then
(x1  - x2)  = b( y, - yZ) where b is 1 or - 1, and hence I@,)  - b * P(xJ  =
1(x2)  - 6 . P(xJ  which means that {I, b . P} is not independent, but that
is impossible by property (5).
(b) If there is a configuration for non-capturing superqueens, say Q is
the set of nodes on which superqueens are placed, then for each x E D,
there is a unique y E D,  such that (x, y) E Q. Define the function P given
by P(X) = (the y for which (x, y) E Q). P is a permutation because for
each y there is a unique x for which (x, y) E Q. Now we claim that {I, P}
is independent, because, if not, there exist a, , a2 E D,  , b, , b2 E (0, 1, -l}
not both zero, and x1 , x2 E D,  , x1 + x2 such that
I(~, + b, . xl) + P(a, + b, . x1) = I(a, + bl ’ x2) + P(a2 + b2 ’ x2)7
i.e.,
P(a, + b2 . x1) - P(a2 + bz . x2) = bl(xz - x1).
Now, 6, # 0 because if b2 = 0 then b, too would have to be 0. By the
definition of P, there are superqueens on nodes
u1  = <an + b2 . x1  , P(a2 + b2 . x1)>
and on
v2  = <a2 + b, . x2 , P(a2 + b, . x2)>,
which are distinct nodes as b, # 0. Now consider the line of nodes (x, y)
given by
b, . x + b, . y = b, . P(a2 + b, * x,) + a, * b, + b, * b, u x1  .
Both nodes v1  and v2  fall on this line, and hence in the original configuration
one superqueen can capture another-a contradiction.
The construction above sets up a l-l correspondence between non-
capturing superqueen configurations and permutations P for which {I, P>
is independent, and the theorem is proved.
COROLLARY (Polya’s  superqueens theorem). On an n x n board, n non-
capturing superqueens can be placed ifand only if n is not a multiple of 2 or 3.
This follows from Theorems 1 and 3 and the fact that if S(n) > 2 then
there is an independent set of the form (1, P} on D,  .
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From our earlier results (Theorems 1 and 3) we see that (for n > 1)
S(n) > 2 if and only if n is not a multiple of two or three. We say a
superqueens solution is regular if it corresponds to an independent set
{I,  a * I + b}, otherwise it is non-regular. The smallest non-regular solution
is for n = 13 (see Section 3.1). Incidentally, Polya’s  theorem can also be
used to solve the related problem for super nite-queens. A de-queen is a
piece that can move like a chess queen or a chess knight (two squares in
a horizontal or vertical direction and one square in an orthogonal
direction). A super nite-queen is a nite-queen with wrap-around moves
allowed. The problem of placing n non-capturing super nite-queens on an
n x n board (n > 1) has been mentioned several times in the literature (see, for
example, Golomb [3]).  There exists a solution if and only if II  > 11 and n
is not a multiple of two or three. We can show this by using independent
permutations as follows. Clearly a solution can exist only if n is not a
multiple of two or three. From the construction in the proof of Theorem 5
we see that, if the independent pair {I, P}, in which P has the form
P = a . I + b, corresponds to a solution to the super nite-queens problem,
then the knight’+move  constraint requires that (I  # 2, n - 2, (n - 1)/2,
(n + 1)/2 mod n.  But, for n = 5 or 7, the only independent pairs {l, P} are
those for which P has the form a . I + b, and a = 2 or 3 if n = 5, and
a = 2, 3,4 or 5 if IZ  = 7 (see Section 3.1), none of which corresponds to
a solution. Hence there is no solution for n = 5 or 7. But we can easily
get a solution if it 3 11 from the independent pair {I,  31) if, of course,
II  is not a multiple of two or three. Also, the example of the independent
set {I, P} for D,, in Section 3.1 corresponds to a non-regular solution for
the super nite-queens problem. There is another interesting piece which
we call a super K-queen. It moves like the super nite-queen except that in
one move it can take any number of knight steps in any one direction,
whereas the super nite-queen could take only one step. A proof somewhat
similar to the proof for Theorem 3 can be used to show that n non-
capturing super K-queens can be placed on an n x n board (n > 1) if and
only if n is not a multiple of 2, 3, 5, or 7 (by showing that if nz,  the least
prime factor of n,  is 5 or 7 then no solution exists, and if m > 11 then (1,  3Z}
corresponds to a solution). The smallest non-regular solution of super
K-queens is unknown, but a computer search shows that only regular
solutions exist for 12 < 29.
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